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Asymptotic wave propagation in a non-Newtonian compressible
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Abstract. The spherical motion of a non-Newtonian compressible fluid is considered and a reductive perturbation
method is used to study the point-explosion problem. The material response functions involved in the model under
consideration are assumed to be of polynomial form and the resulting Burgers-like equation which governs the
far-field approximation is investigated. A qualitative analysis of this equation is made via a numerical integration.
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1. Introduction

As is well known, many fluids used in industrial applications do not behave according to the
Newtonian constitutive relations. Such fluids, called non-Newtonian, are characterized by a
nonlinear relation between stress and strain-rate tensors.

As far as we know, much effort has been devoted to study non-Newtonian incompressible
fluids through a modified Newtonian law of viscosity in order to allow the viscosity to vary
with the strain rate [1-2], namely

1/0v; 0v;
ii = 20Yij, ii = = — 4+ ), 1.1
0ij = 2nYij Yij 2(8xj+8xi> 1.1)

o;; andy;; begin the components of the viscous stress and the strain-rate tensors, respectively;
unlike the classical Newtonian fluid, the viscosity coefficient= n(ll, lll) depends on the
invariants of the strain-rate tensor

I = vii, Il =vijvi, W = vijvixViis (1.2)

where the dependence on | does not exist for the incompressible case.
In the present paper we consider a compressible non-Newtonian fluid characterized by the
following constitutive law

O’l'j :ayij+,36ijv (13)

wherex and g depend on the invariants (1.2) and on the thermodynamic variables. Such an
assumption appears to be a natural generalization of the Cauchy—Poisson Law of the classical
Navier—Stokes theory of viscous fluids and it characterizes a particular class of the so-called
Stokesian fluid [3, pp. 160-162].
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Furthermore, whep = 0, the constitutive law (1.3) reduces to (1.i¢, to the case of an
incompressible non-Newtonian fluid. Of courgenust 8 and obey the restrictions imposed
by the Clausius—Duhem inequality.

The model under consideration, namely that of compressible non-Newtonian fluids (in
particular gases without bulk viscosity), could apply to many physical problems. For example,
it may serve to model from a macroscopic point of view a gas in which long-chain molecules
are dissolved provided that we limit ourselves to considering the problem in the framework
of the hydrodynamics of a real fluid in which dissipative processes are taken into account. Of
course, the gas gives the medium compressibility, while chain interactions provide the com-
plexity of non-Newtonian behaviour. The model outlined above encompasses the macroscopic
description of a number of real applications such as farmaceutical aerosol, environmental
aerosol (sandstorm, soot) and industrial aerosol (smog, fuel). Furthermore we remark that the
model under investigation belongs to the general class of multipolar viscous fluids (monopolar
viscous fluid) (see [4] and the references quoted therein).

Our main goal is to investigate the point-explosion problem in a non-Newtonian fluid. As
is well known [5-6], a violent explosion occurs when a large amount of explosion energy is
concentrated in a small portion of a material medium which consequently begins to expand
rapidly. The rapid explosion produces a disturbance headed by a strong shock wave called a
blast wave propagating into the surrounding medium. The point explosion model may simulate
many real problems as the mechanism of the supernova event (see [6] and the reference therein
quoted).

Since we are essentially concerned with the study of a dissipative system, we assume the
dissipation coefficientsr and 8 to be small and of the same ordemwith ¢ <« 1. More
precisely, we consider the solution of the system under consideration with vanishingly small
dissipative coefficients and we assume that a shock is present in the limiting case when the
fluid is perfect. In fact, a small dissipation is able to prevent the nonlinear breaking of the
wave profile and, taking into account such a phenomenon, we are led to consider more general
systems of equations where higher-order space derivatives are involved multiplied by small
coefficients.

Unfortunately, in the case under consideration it is not possible to find in general an exact
analytical solution, since the flow is not self-similar. However, in the limiting gaseO (i.e.
vanishing dissipative effects), if a strong explosion takes place in a point, the resulting motion
is self-similar and it can be described by a similarity solution known as ‘Sedov solution’ which
is in fact invariant with respect to an infinitesimal stretching group of transformations [7-9].
Hence it is natural to search for the solution of the full governing system under the form of an
asymptotic development around the ‘Sedov solution’.

Within the theoretical framework outlined above, in Section 2 we require the hyperbolic
model associated with the full governing system to be invariant with respect to a stretching
group of transformations; later, as it is usual for dissipative systems, we will search for a
solution to the governing system in the form of an asymptotic expansion about a similarity
solution of the hyperbolic model under consideration and we deduce a nonlinear evolution
equation governing the far-field approximation. This equation is different from the usual
Burgers-like equation, because of the occurrence therein of a series-like coefficient of the
second-order derivative.

Next, in Section 3 we calculate the coefficients of this evolution equation in the case of the
Sedov solution. In Section 4 we assume that the constitutive coefficieams g involved in
(1.3) are of polynomial form, so that the series-like coefficient of the corresponding evolution
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equation becomes a polynomial with respect to the first-order derivatives. For the resulting
modified Burgers-like equation, in Section 5 we carry on a similarity analysis and we obtain
some classes of solutions which are invariant with respect to a suitable infinitesimal group of
transformations.

Finally, for a particular invariance transformation we try a numerical integration for the

ordinary equation occurring in this case to investigate the wave profiles which are compared
with the classical ones.

2. Basic equations and asymptotic analysis

We consider the spherical symmetric motion of a hon-Newtonian fluid governed by the equa-
tions

2
o1+ puy +up, = —;M,O

2 2
p(ut + I/lbtr) =—-prta (urr + ;Mr - F_2u> + uyot + ﬂr (21)

2 , 2, 2
ple, +ue)=—p u,—i—;u +a “r+r_2“ + 8 u,—i—;u ,

wherep is the mass density; the flow speede the specific internal energy, is the pres-
sure, whiler andt represent the radial and time coordinates, respectively. A subscript means
differentiation with respect to the indicated variable.

Furthermore, the invariants of the strain-rate tensor become

2 2 2
| =u, + ~u, Il = u?+ Su?, N =u?+ =u® (2.2)
r r2 r3

Since dissipative effects occur, we assume the dissipative coefficieantd 8 to be small
and of the same order that is

o = &a, B=¢cB, ekl (2.3)

Taking into account (2.3), we observe that the system (2.1) may be rewritten in the follow-
ing matrix form

U, + AUV, = B(U, r) +&{M(U, U,, ) + N(U, U,, HU,,1, (2.4)
where
u,p,0 —gup
1% 1 1 r
U=|u|., A=| P3P\ B=| 0 |,
¢ 0, £, u ——u—
o (2.5)
0 0,0,0
10
M = a1 . N=]|o02=

(E +u,a),0
uy

B 2 al, 2, pd
; l/tr—f—;l/t +; u,—i—r—zu 0,0,0



406 Carmela Curb and Giovanna Valenti

with

0B d\ pr 0B dar\e 2 u
mop = — 4 u— | —+|—+u— _+_(ur__>
ap ap | p de de | e  pr r

_+aB+ aa+2u aE+ oo +3 ) aE+ o
X - r i — 2T D) T r o .
T e T e T e ) TR i T e
In order that we may study the influence of the dissipative effects on the point-explosion
problem by using an asymptotic expansion around a similarity solution like the Sedov solu-

tion, we require first of all the hyperbolic system associated with (2.4) to be invariant with
respect to the following group of stretching transformations [7-9]

r* = ar, = A, oF =21, w* = Au, e* = A2, (2.6)

wherea andy are the similarity exponents. The invariance condition with respect to the group
(2.6) implies for the pressure the following constitutive law

p = p?Xatlpey  with ¢ = ep?r—b/e, 2.7)

By considering the ‘canonical variables’ [10, pp. 31-33]

,
A% (2.8)
p=tRE D),  u=tTVIVE D, e=rPENIEE D),

T = logt, &=

we see that the hyperbolic system associated with (2.4) becomes

W; + <X(VV) - %I) W, = B(W, ), (2.9)
where! is the identity matrix and
V —
K - (3 + 2—) R
W=|V [, vy &
E —~ —
B= r—1y : (2.10)
V,R,0 y
A= @1, V, P’ , oy _ 1 v
0, RZ(l—y)/aP’ 1% (VT)E _ ZPRZ(l—J/)/aE

with

a1 = arad=y) PR@L-r—a/a 4 =D EP/,

a a R
where here and in what follows thé *denotes the derivative of the function with respect to
its argument.
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In what follows we look for a solution of the system (2.4) of the form [11, 12]

U=Uo(r,1) + > _&"?U(r, 1, ¢), (2.11)
k=1

where¢p = ¢ Y2%p(&, 1), Uy = TOW, is a particular solution of the hyperbolic system
associated with (2.4) arld; = T®W,, being

t“/y’o’o tak,0,0
TO = | 0./@»/v o |, T®=|0m 0 (2.12)
0,0, 241/ 0,0, 1™

andWp = Wy (&, 7) is a solution of (2.9), whil&V, = W, (¢, T, ¢) anddy, u, vk, are arbitrary
constants to be determined by our analysis in order that the different terms in the expansion
(2.11) exhibit a similarity form.

Taking into account (1.9), we have to consider the following expansions
A= Ag+ e (VyA)U1 + 0(e), B =Bo+eV4(VyB)oU1 + O(e),

ok
_ Pr T ) 1/2
M = Mo + E —([Uyy - Vy I""M)o + O(e79),
— k! (2.13)

0 k
2 1/2
N = No+ ; E([U{q, Yy 1PN + 03,
where the subscript; means that the quantity is evaluatedJat Uo.

By inserting (2.11), (2.13) into (2.4) and cancelling the coefficients®oéind £¥/2, we
obtain, respectively

o oW
0. TO <Ao+ (S"_ _ i) 1) r M (2.14)
4 d¢

- i ~OW,  A(TW IW.
0 (Ao+<(p——§> 1) FOWa | 9(TW) <Ao—§1> e
Qe Y d¢ it 14 9§
Iy AW, - IWo ~
+o: (VWATW1)0Tw + (VWATWDOE — (WWBTWy)o

_ -2y zz‘pé —k/y (7)1

AW\ 32W.
x TO2) vy | N| TO—E, (2.15)
¢ ' g2
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whereT = (T©)~17D T = (T©)~17® and the following relations hold

- — 9T ©
Ao = 1IN TORTOY By=171 (T<°>Bo+ 3 Wo>,
T

(V) A)oT PW; = tE TO N ATW,)o(T @)L, (2.16)
U W

©0)
TW1> |
T

(VUB) T PW; =171 <T(°)(VW§TW1)0 +

A direct inspection of (2.14) shows tha¥V,/d¢ # 0, provided the phase functiané, )
is a solution of the characteristic equation

det(Ao — EI + & ) =0, (2.17)
14 Pe
which yields
_ § _ §
)\.1 = Vo -, )\2,3 = Vo == DO (218)
Y 4

A = —(¢:/¢:) being an eigenvalue of the matiixo — (&/y)I), while

a+2(l—V)>+2(V—1)
a

D2 = PyRI 1/ (P(; + EoP, (2.19)

provided

1—vy a 21—1y)
Mp——— =08 —— =V — ——.
YV YV YV

The system (2.14) yields

W, =7 (§, 7, ¢)dy (2.20)

do being the right eigenvector of the matiixo — (&/y)1) corresponding to the eigenvalie
Now inserting (2.20) into (2.15) and multiplying the resulting equation by the left eigen-
vectorlg, we have

7 (w1 = nord d)+lﬁ +(I(VAd))a—W0
Py M1 — Mo 0 Py W 0 9%
—(|(VWB d)o) + @et"tHO(VA - d)oﬂa—n
(I dyo d) : o
1 gk ki &) 1®
= 9.’ Z ( ) (TP’ - vy, N)d)o ¢>2’ (2.21)
whered/do = d/dt + A(d/3&) represents the derivative along the characteristic rays
d—szx, T =0, (2.22)
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associated to the variabjgé, 7) determined by, + A (Uo(&, 1), §)@: = 0.
Now we limit ourselves to considering the eigenvalydo which correspond the right and
left eigenvectors

_ Ro
DZ _ POP/RZ(J- v)/a
(I2)0 = { 0 RO 0 ,Do, P§|,  (dp)o= Do (2.23)
0 P Rg(l‘”/"

so that Equation (2.21) reduces to

om 82
Py flo)m +g(0*)n— = (Zak(o) < ) ) 397 (2.24)

with

oy = L (Dg — PoP{RA1 3R, Do

2(1=y)/a
Do Py—(PoR,
2D Ro e P Oa ( )

Vo D e e
+ <81 + 2?0 - 2?0) (D — PoP{RS™S ™) + 111D3 + vy PoPyRG™ "

41— Po Vi
+P6( ( - V) ng(l /e op,Fo g 2(1 i 4 opp ;Rm »)/a

2(1-y)/a
aRo PoRO 2()/ - 1) Eg
+ Dg—— + — PP
) ° ( Ro a Ry °°

4y -1
+TE ?PO

+4(1 _ V)Z Egpé/R(Z)(V—l)/ﬂ + POR(Z)(l—}/)/a _ PéEO
a2 Ro

a+2y -1

POP(;RCZ)(l_)/)/a
a

Vo
o <2D0 + Po(PY2REE M —

2 1 0Eo 20y -1 ~1)/a
$ 2 =2 )EO(P0)2> Do (PoPé’+ L ))

(2.25)

©e glui—po)o

2(y -1 4y -1
= 2D% + =L T Eo(P)? + ——E PP
g(o) 2Do ( o+ p o(Py)* + P ololy

2y —Da+21 - , — " a
n (y — D( ! ( )/))EOPO—I- (Va )POEORZ(V 1/

a

a—+2(1— —yyja (21— 4 —v)ja ! J
+%POR§(1 v/ (% _|_p0> +P0R§(l v)/ ((P0)2+ Po))’

¢,2+k k+1
(o) = ew —2—a)/y+k(u1—1/)lo & Dk( (u,c +ﬁ)>

2Ry k! uk+1 o
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The occurrence of the series-like coefficiendéf /942 in (2.24) is due to the dependence
of the matrix in (2.4) uponU,.. An evolution equation of this form has already been obtained
in a previous work concerning the plain vibrations of a moving threadline [13]. In the present
paper we are interested in possible constitutive lawsaf@nd g which allow the above-
mentioned series to converge.

From (2.25} it is easily seen that it is possible to truncate the series occurring in (2.24) in
the following cases

3k+1

(i) W(”ra‘f‘ﬁ):(), Yk >m, meN,

so that we obtain
ura'i'E: Py (u,), (226)

where P, (u,) represents a polynomial of degree with respect tou, whose coefficients
depend on the thermodynamic variableande. As is obvious in this case, the coefficient of
8% /d¢? becomes a polynomial of degreewith respect td/9¢.

k+1

(i) Sz @+p)=GF™ VkeN,

which implies the following consitutive relations
u,@+ B = Eexp{Fu,} + E, G = Eexp{Fu,} (2.27)

with E, F andE arbitrary functions depending gn ¢ andu.
If condition (ii) holds, the series under consideration converges to an exponential function,
that is
1

am
(r=2-a)/1)0 o o 2 (11-1/7)0
¢ EoFop?exp{ Fo u, +¢: D, € : 2.28
2Ro 0o { °<“ ¢ a¢>} (2.28)

If @ and B are given functions of their arguments satisfying (2.26) or (2.27), then the
series occurring in the evolution equation (2.24) converges. However, since (2.26) or (2.27)
represents one condition to be satisfied by two response functions, if in a problem under
consideration& andg are not specified priori, these conditions can be used in order to select
classes of models of form (2.26) or (2.27), allowing the series occurring in (2.24) to terminate.
Such an aspect can be of certain interest because, as far as we know, much effort has been
devoted to the study of incompressible non-Newtonian fluids, so that, we have found in the
literature very little information about the constitutive functimelated to the compressibility
of the fluid.

A further criterion to determine the functional forms @fand 8 which are physically
meaningful, is to require that they satisfy the Clausius—Duhem inequality which in our case
reduces to

0;;vij = 0 (2.29)

for every possible thermodynamical process. This will be considered later on.
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As usual, we consider the following transformation of variables [14]

q :nexp{/f(o)da}, o*:/g(o)exp{—/f(o)do} do, (2.30)

such that the evolution Equation (2.24) becomes

dg dq 8%q
10 95 (,; Ko )< ¢>>a¢2’ (2:30)

where

ar(c™) = ﬁexp{(l—k)/f(o)da}.

In general, Equation (2.31) differs from the classical Burgers equation because of the
coefficient atd?q/9¢2. In the particular cases (i) and (i), this evolution equation becomes
a generalized Burgers equation different from the well-known ones considered in [15, 16],
because the coefficient atg /d¢? also depends o8y /d¢. In the particular case = @(p, ¢)
andpg = By(p, e) + B1(p, e) | (i.e. Newtonian fluid) Equation (2.31) reduces to a generalized
Burgers equation [15].

3. Sedov solution

Now we consider the particular class of non-Newtonian fluid [17, 18] for which the state
equation for the pressure reads

which follows from (2.7) whenP = (I' — 1)¢ with T being the index of the fluid. In this
case the quasi-linear hyperbolic system associated with (1.1) admits an invariant solution of
the form (2.8) with

r+1 2 2

: . : o ar—1
r—1>’ °T3r—1~ 0~ @r— 12

2 _
5% Y=T1 11

Ro = po=—= (3.2)

This is the well-known Sedov solution which describes the flow behind a strong spherical
shock wave generated by a point explosion in a medium having an initial mass distribution of
the form

po(r) = porT /T, (3-3)

In this case, we obtain from (2.22), evaluated Xo& A,, the following expressions for the
characteristic rays

1-T+ /20 = 1)

§ =&expiNo), o=r, T 1

(3.4)
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with & constant along the characteristic rays. Consequently, the transformations of variables
(2.30) reduces to

— 1 —
q =mexpMo), o= g exp(u — no — M)o, (3.5)
where
i +1+F+6«/2F(F—1) 0_3F—5—6«/2F(F—1)
e 2(3r — 1) ’ T HT+LJ2IT -1 3.6
— 3 -5-6J2IT -0 '
H1—po— M= .
2@3r — 1)
Therefore, the evolution equation (2.31) may be rewritten as follows
dq dq 7 8%q
ot 3% = S(c®) (Za (o )( ¢> ) 597" (3.7)
with
B (C—1@r-1 o7 S, ar+7
ol +1)282/2r(T - 1) 3 -5-6/2TC -1
kK / k (k+1) (3:8)
~ go [ZF(F - 1)] seyk—(k / (u1—po—M)) 0
ak:EW(QJ ) 1= 140 ot —ap (W o+ p) .

4. Polynomial approximations

The constitutive Equations (1.3) are too complicated for us to proceed with the study of the
evolution Equation (3.7). Hence we consider the polynomial approximation of various degrees
in y, as is customary in the treatment of problems in Stokesian fluid flow [3, pp. 168-171].
In this context we may assume the geneitil-order theory in which the phenomenological
coefficientsg anda are taken as polynomials of degnee: — 1 andn — 2 in the invariants |,
I, lll, respectively.

Since the degrees of |, Il and lll ipare 1, 2, 3, respectively, the most general polymomial
approximation of degree in v is represented by the following constitutive relations

[k/2] [k/3] [(k—=1)/2] [k—2m
B Zbl”—i—chl”+Zenlll”+ > (anw)nm

n=1 m=1 n=1

[(k—1)/3] /k—3m [(k—=2)/3] [[(k—3m)/2]
+ > (Zrnl”)lll”’Jr > ( > g,ﬂl") -, (4.1)
m=1 n=1 m=1

n=1

]
Il

ZE + > Gt 4 Z o + Z S far

n=0 n=1 n=1

[(k=2)/3] [k—1—3m [((k—=3)/3] [[(k—1-3m)/2]
+ Y (Z ?,m) mr+ > ( > ’g?,,u")mm, (4.2)
m=1

n=1 m=1 n=1

k— [(k—1)/2] [(k—1)/3] [(k—2)/2] (k—l—Zm )
III‘I’l
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where[x] is the largest integer less than or equat t@ he coefficients occurring in (4.1) and
(4.2) depend on the thermodynamical variateand e. Furthermore the constitutive laws
(4.1) and (4.2) guarantee that the condition (2.26) is fulfilledrioe= n, so that the series
occurring in the evolution equation (2.24) truncates aiter 1 terms.

In [3] the restrictions imposed by the Clausius—Duhem inequality on the polynomial ap-
proximation up to second order were studied. Here we limit our analysis to the:casa
where the constitutive laws (4.1) and (4.2) reduce, respectively, to

B =bil +bl?+ b3l +cill +ellll + filll, @ =bo+ b1l + bol> +All. (4.3)
Owing to (4.3), the Clausius—Duhem inequality (2.29) reduces to
boll + (b1 + eIl + (o + IR 4+ Ell2 4 byl? + byl + bl* + €1l Il > 0. (4.4)

Contrary to the cases= 1, 2, it appears that condition (4.4) cannot easily be handled and
it can be satisfied by several choices of the coefficients involved therein. In particular (4.4) is
satisfied if the following conditions hold

o~ ~ o~

b . 8. R (4.5)
b3 = 525 1 = _blv €1 = §b27 fl = _3b25

so that Equation (3.7) assumes the form

dq g 7 (~ 4 e ~ 9%
— =S0"%(bo+b Oo )Y M=patuoy, | — 2 4.6
80*+q8¢) () <0+ 1+3F_1(0) 1) 592 (4.6)

Despite the nonlinear dependence of the viscous stress tensoduhe evolution equa-
tion (4.6) obtained herein is a generalized Burgers equation with variable coefficient, which
can be studied by means of the gualitative analysis developed by Scott [15, 16].

In passing we note that whén = 0, owing to the restrictions (4.5), we recover exactly
the second-order theory studied in [3], so that Equation (4.6) is also valid in the latter the-
ory. In general for arbitrary coefficients satisfying the Clausius—Duhem inequality (2.29), the
evolution equation (3.7) assumes the following form

09, 99 _ oz (cigr 04 NEAR KL
86*+q8¢_5(6) (Co(6)+C1(0)a¢+Cz(6)<a¢>)ad)z, (4.7)
where

Co(c™) = ho + hlo—*(l/(M+M0—Ml)) + hzo*(Z/(Mﬂco—ul))
Ci1(c*) = (EO + gla*(l/(i\;l—kuo—ul)))a*(l+(1/(1171+uo—u1))) (4.8)

Colo™) = Eo o ¥(2+(2/(M+110—p11)))
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with

ho = i?\o + by, hy (3b2 + 227\1 + 61)91/(M+“°_“1),

T 3r-1

h2 (501 + 3eq + 27bs + 91 + 15b,)9% Mtuo—i)

4
~ (@3r—1)?2
o — 260/2IT — 1)
3r—1
4502 (T - 1)
@l — 1)2

2
rar-1 -~ y
Gg(%r( Dz L@+ er + ba+ fu+ B/ )

(bz+El+cl)91+(l/(1\;l+uo—m))’ (4.9)

(361 + 3ey + O3 + 5y + Thy) o1+ @ MHuo=n),

=
S
Il

=)

0

We remark that with respect to other classes of modified Burgers equations already known
in the literature, the one obtained herein exhibits a coefficien&@fd$> which depends

uponag/d¢.
5. Similarity analysis

Unfortunately the obtained generalized Burgers equation (4.7) does not lend itself to exact an-
alytic treatment. In fact, in [19] it was shown that only generalized Burgers equation for which
a Backlund transformation exists is the classical one with an additional source term. There-
fore, owing to the lack of linearizing Backlund transformations, one must deal directly with
generalized Burgers equations by taking recourse to matched asymptotic analysis, similarity
analysis or numerical methods.

Within the latter theoretical framework we require the invariance of the Equation (4.7) with
respect to an infinitesimal group of transformations [7-9]

o¥=0"+wX(" ¢,q9), P =¢+wF(©" ¢ q),

, (5.1)
9 =q+wQ(* ¢,q).

Along the lines of a well-established procedure [7-9], several possibilities arise for the
generators of the group

i) X=0, F = qoo™ + 9y, 0 = qo, (5.2)

wherego and g, are arbitrary constants. Consequently, in this case we obtain a similarity
solution of the type

q= M, go = const (5.3)
qo0* + 4o

(i)
X = q2(0%)% + 2q30°*, F = qoo™ + (q20™ + 393)¢ + qo,

(5.4)
0 = (g3 — q20™)q + q2¢ + qo
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with
11-9r _,
ar-5-6/2rr—-10 (5.5)

ho=hy=ho=0, hy = —2h, = —2hy,.

Since (5.5) is not satisfied for any value of the fluid inddx the present case is not
considered in the following

(i) X =(fa2—¢g3)0", F = qoo™ + f2¢ + o, Q = q3q + qo, (5.6)
whereqo, g, f> andgs are arbitrary constants with

@8—-6r+3/2rr-1))fA-31-r—-y2r(r-1))gs=0

~ 5.7
ho="hy=ho=0. (5.7)

Comparison of (4.9) and (5.7ith use of the Clausius—Duhem inequality, give rise to the
further restrictions

by + fu
) 6 (5.8)
61:_5(52+f1), 1 2=0, b2+ f1l < 221,

Z?\ozbl:bz:Cl:Z)\l:O, b3:—

whereupon the constitutive relations (4.3) become
B=bslP+elll + filll,  @=Dbyl>+3ll. (5.9)
Next we consider the following two cases

(i) 1 if g3 # 0, the solution of (4.7) is given by

g= - ("B G(y), = (o*) /e <¢, L 2O @) (5.10)
q3 g3 f2

with O a solution of the second-order differential equation

o~

S(hz+ﬁ1§’+ﬁo§’2>§”=(§— f2 x>§’+ = 9. (5.11)
fa—qs f2—qs

(i) o if g3 = 0, the solution of (4.7) is given by

70 v o~ ~ % qo «, 490
g =—logo™ + O (%), X=———logo* + ,
Sz o* f2 fao*

where( is a solution of the following second order differential equation

(5.12)

Stha + 710 +700?0" = (@’ - @) o+05. (5.13)
f2 f2
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Figure 1. Comparison between self-similar solutions Figure 2. Comparison between self-similar solutions
of the classical Burgers equation for cylindrical waves of the classical Burgers equation for cylindrical waves
(solid line) and of the modified ones corresponding (solid line) and of the modified ones corresponding to

to the initial conditionsy(—1) = 0.03, y'(-1) = the initial conditionsy(—1) = 0-1, y'(-1) = —10~7
—10~9 and the choiceShy/b% = 0-007. The dashed  and the choiceShy/b% = 0.02. The dashed profile
profile (----) is obtained forSiy/b2 = —0.001, (----) is obtained forShy/b%2 = —0.001, g = O;
hg = 0; the dashdot on¢—-—-) i s obtained for  the dashdot on¢—-—-) is obtained forShy/b% =
Sh1/b? = —0.001, Sho/b? = 0 - 004. —0-001, Shg/b? = 0-05.

Taking into account the conditions (5;7we find that the generalized Burgers equation
(4.7) in the present case reduces to

dg dq
30+ 954
dq 9g\°\ 9%q
— §(g™)M-9N)/@r-5-62rC=1) (54 7 04 3 a2 (99 9°q 5.14
() 2+ 1Ga¢+ o) 29 342 ( )

Whengsz = 0, it follows from (5.7)

8—6I'+3y/2I'(I" - 1) =0,

whereupon the resulting Equation (5.14) generalizes the Burgers equation for cylindrical
waves owing to the powers @f;/d¢ occurring in the coefficient &g /0¢2.

As is well-known, for cylindrical waves there exists an exact solution which is of shock
type [20, pp. 70-73]. This exact solution is defined implicitly in terms of a similarity variable
through two integral expressions which have no representation in terms of known functions;
such a solution belongs to the class (5.12) characterized by our analysigywaefy = 0.

Next, by assuming the parametérs hq in Equation (5.14) (or (5.13)) to be small, we
would expect that the qualitative behaviour of the solution of (5.14) and of the solution of
the corresponding Burgers’ equation for cylindrical waves do not differ too much one from
another. We will show that below by integrating numerically the ODE (5.13). The different
wave profiles which are considered correspond to several values of the parameters involved in
(5.14).

The solution is shown in Figures 1 and 2, where the scaled varjabieé/b is plotted
againstt = ¥ /b with b > 1.
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Figure 3. Comparison between the triangular wave
solutions of the classical Burgers equation for plane
waves (solid line) and of the modified ones corre-
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Figure 4. Comparison between the triangular wave
solutions of the classical Burgers equation for plane
waves (solid line) and of the modified ones corre-

sponding to the initial conditions(0) = 2 - 107,
y/'(0) = 0-999995 and the choic§hy/b% = 0.02.
The dashed profilé----) is obtained forShy/b? =
—0-0054,h = 0; the dashdot one- - —-) is obtained
for Sh1/b% = —0-0054,Shg/b? = 0-01.

sponding to the initial conditions(0) = 2 - 10~7,
y/(0) = 0999996 and the choicghy/b% = 0-002.
The dashed profilé----) is obtained forShy /b2 =
—0-0006,hq = 0; the dashdot one- - —-) is obtained
for Sh1/b? = —0-0006,Shq/b? = 0-002.

Finally, let us consider a fluid with the indeXx = 11/9. Here the resulting Equation
(5.14), because of the parametéﬁsﬁo involved in the coefficient ad’q/9¢2, generalizes
the classical Burgers equation for plane waves. As is well-known, the latter equAiiea
ho = 0) admits the very special single hump solution [21, pp. 101-107] which is of similarity
type; it is recovered from the class (5.10) whgn= g, = 0. Such a solution fof#, <« 1
(e.g. large Reynolds number3 exhibits a triangular wave profile. _

As for the cylindrical waves we considered above, also in the present case, by assyming
andhg to be small, a numerical integration of the ODE (5.11) ruling the similarity solutions
of (5.14) permits to characterize a profile of triangular form.

In Figures 3 and 4 the scaled varialple= Q/+/R is plotted against = x /+/R.

6. Conclusions and remarks

In this paper we have considered the dissipative system describing the spherical symmetric
motion of a non-Newtonian compressible fluid in order to investigate the point-explosion
problem. We note that the model under consideration may serve to describe, from a macro-
scopic point of view, a gas in which long-chain molecules are dissolved. Such a situation
occurs in the macroscopic behaviour of many real applications like farmaceutical aerosol,
environmental aerosol (sandstorm, soot) and industrial aerosol (smog, fuel).

We have studied the effects of nonlinearity and dissipation involved in the model by assum-
ing an asymptotic expansion around a similarity solution of the associated hyperbolic system.
In the far field approximation we deduced an evolution equation which is different from the
usual Burgers-like equation one obtains for dissipative models owing to the occurrence of
the series-like coefficient of the second-order derivative. A consistency argument for the ob-
tained equation led us to require some conditions to be satisfied by the viscosity coefficients.
These restrictions allowed us to select classes of functional forms for the phenomenological
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coefficients therein involved. We note that, as far as we know, in the case of non-Newtonian
compressible fluids, very little information about these coefficients exists. Different cases,
where the series-like coefficient occurring in the evolution equation truncates, were consid-
ered. Among other things we recovered the Stokesian fluidtobrder as a particular case

by assuming the polynomial approximation to hold, so that we could deduce a generalized
Burgers equation with variable coefficient which is a polynomial in the first-order derivatives.

In the particular case of a Stokesian fluid of third-order, making use of the similarity analy-
sis, we obtained several classes of solutions to the evolution equation in point. Finally, via a
numerical integration, we made a comparison between the wave profiles obtained herein and
those related to the classical Burgers equation for cylindrical and for plane waves, respectively.
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